ABSTRACT This paper focuses on developing an active controller for an elastic beam with tip payload subject to state and input constraints. The dynamics of the elastic beam is expressed by partial differential equations. A novel hyperbolic barrier Lyapunov function (HBLF) is proposed to ensure Lyapunov asymptotic stability of the closed-loop system and enable the constraint of system states. Then, a HBLF-based controller is developed to track desired position of angle and rapidly suppress vibrations of the beam. The controller is developed by using smooth hyperbolic functions, and the issue of input constraint is also handled simultaneously. It is proven that the input and state constraints are both guaranteed. The favorable performance is shown by simulations which validate the effectiveness of control scheme.
I. INTRODUCTION
As the broad application prospect, the study of the elastic beams have received much attention [1] - [5] . For getting higher control accuracy and performance, the elastic beams should be considered as distributed parameter systems, which are described by PDEs.
In recent years, the control design for mechanical systems based on the PDEs have been comprehensively studied [6] - [18] . In [7] , a cooperative control strategy was designed for a gantry crane system based on a hybrid PDE-ODE system to position the payload and regulate the deflection in the presence of parametric uncertainties. Boundary controller was designed in [8] to suppress vibrations of both wing twist and bending of a robot aircraft. In [9] , an adaptive boundary controller was presented to suppress the vibration subject to distributed disturbance and high acceleration. In [17] , an adaptive boundary control scheme based on iterative learning control for a rigid-flexible manipulator was proposed to track the trajectory and suppress the vibration. In these works, the design of controller and analysis of stability were studied based on PDEs, which avoided the problem of spillover effects.
As we know, many physics systems have input constraints [5] , [19] - [24] , which will damage the control performance. Many papers have considered the stability problem subject to input saturation using saturated functions [25] , [26] . Many researchers used linear matrix inequalities (LMI) to design anti-windup control [27] , [28] . In [29] , a control law combining with smooth hyperbolic function was presented to obtain trajectory tracking with restricted input.
However, the aforementioned control schemes did not consider the system state constraint problems. In many practical systems, the constraints of the states are significant. Therefore, the state constraints in control design gains much attention. To deal with this control problem, the barrier Lyapunov function(BLF) has been proposed in many studies [30] - [34] . In these research works, BLFs were developed for system described by ODEs. Some researchers used the BLF to deal with the problems of constrains based on PDEs. For a flexible beam, a novel barrier Lyapunov function was employed in [4] to handle the constraint problem. Although these studies addressed the issue of state constraints with PDEs, they did not handle the problems of input constraints. So we propose a novel hyperbolic barrier Lyapunov function (HBLF) and smooth hyperbolic functions to address these shortcomings. It is the first application of HBLF, as is known to us, on addressing an elastic beam based on the PDEs with input and state constraints simultaneously.
In this paper, the control method of trajectory tracking and vibration suppression in an elastic beam with input and state constraints are studied. A novel hyperbolic barrier Lyapunov function (HBLF) is developed to ensure asymptotic stability of the closed-loop systems with boundary constraints. Based on the HBLF, a boundary controller is proposed to track desired position of angle and rapidly suppress vibrations of the beam simultaneously.
The paper is organized as follows. We give the problem statement in Section II. HBLF-based control of an elastic beam is proposed in Section III. Numerical simulations are given to demonstrate the effectiveness of control scheme in Section IV. Section V concludes this study. 
II. PROBLEM STATEMENT A. PDE DYNAMIC MODEL
An elastic beam in the presence of tip payload and unknown boundary disturbances is studied in this paper. The system moving in the horizontal plane, can be regarded as a typical Euler-Bernoulli beam, which is shown in Fig.1 . Frame XOY represents the fixed inertial coordinate, and the local coordinate is given by xoy. The hub of elastic beam is clamped by a joint motor rigidly and the end with a tip payload. The system descriptions are as follows: I h represents the hub inertia; L and ρ denote the length and the mass per unit length of the elastic beam; m is the mass of payload; The bending stiffness is given by EI ; The control torque of the motor and the force generated by the end acuator are expressed by u(t) and F(t) respectively. d 1 (t) is boundary external disturbance acting on joint motor and d 2 (t) on the payload; The control object is that the joint angular position θ (t) could track the desired one and rapidly suppress elastic deflection y (x, t).
The position on the elastic beam is defined by z(x, t) = xθ (t) + y(x, t) in the inertial coordinate. Then we utilize Hamilton's approach to obtain the distributed parameter model of the system [35] . First, the kinetic energy E k , potential energy E p and non-conservative work W nc are described as:
We utilize Hamilton's approach described as:
Then, we obtain the distributed parameter model of the system as follows:
Remark 1: For simplicity, we define derivative notations as follows:
Remark 2: We omit the time symbol t for simple in the following discussion. For example, θ (t) is rewritten as θ.
B. PRELIMINARIES
Some assumptions and lemmas are given below to facilitate the following analysis.
Assumption 1: There exists positive constants k 1 and k 2 satisfying k 1 y 2 (L, 0) < 1 and k 2 e 2 (0) < 1 where k 1 and k 2 are positive constants.
Assumption 2: Considering the disturbances are bounded, we define that |d 2 | ≤d 2 , |d 1 | ≤d 1 , andd 1 ,d 2 > 0.
Assumption 3: As the change rate of disturbances is small enough compared with observer dynamics, we can consider thatḋ 1 = 0 andḋ 2 = 0 is reasonable. 
Definition 1:
We define a scalar function V (x) = karctanh x 2 as a hyperbolic barrier Lyapunov function. The function is smooth, positive definite and symmetric, which is shown in Fig.2 .
The properties that we propose in the following are also used for control design and analysis.
Property 2: The function f (x) = arctanh x 2 ≥ 0, for all x ∈ (−1, 1).
III. CONTROL DESIGN AND ANALYSIS

A. DESIGN OF HBLF-BASED CONTROLLER WITHOUT BOUNDARY DISTURBANCE
Our object is to develop a boundary controller to track desired position of angle and suppress vibrations on the beam simultaneously. To address the issue of input and state constraints, we propose a novel HBLF and smooth hyperbolic functions.
Defining e = θ − θ d , the control inputs u and F are given as
where
, v u0 (t) = 
2) The closed-loop system is asymptotically stable, i.e., θ → θ d and y(x, t) → 0.
3) The control inputs are bounded as
We choose a Lyapunov function as follows:
and the auxiliary systems, which are used to remove the effect of input saturation, are defined as follows:
and ξ 2 (t) are the states of the auxiliary systems, ξ 10 and ξ 20 are small positive parameters, and F 0 and u 0 are the controllers which will be designed in the following parts. When |ξ 1 (t)| ≥ ξ 10 and |ξ 2 (t)| ≥ ξ 20 , we get the time derivative of (13) asV
2 e 4 Using Eqs. (5) and (7), we havė
Applying Eqs. (9) and (10), and define F 0 and u 0 as
Then substituting Eqs. (15) and (16) into (14) yieldṡ
Considering Property 3, we have
Then substituting Eqs. (18) and (19) into (17), and taking α 2 k p1 = β 1 ξ 2 10 and α 4 k p2 = β 2 ξ 2 20 we geṫ
Now we prove the properties in three parts. 
Observing the right-hand of (20) , it follows that,V is negative semi-definite andV ≡ 0 only ifė ≡ẏ(L, t) ≡ 0 and ξ 1 (t) ≡ ξ 10 , ξ 2 (t) ≡ ξ 20 . We further imply thatθ = y(L, t) = 0. Applyingθ =ÿ(L, t) = 0 in Eq. (6), we get
We suppose that y(x, t) is described as:
where W (x) denotes unknown space function and φ (t) time function. Based on Eqs. (21) and (23), we obtain
We then obtain
Solving Eq. (25) with the condition µ = η 4 , we get W (x) = c 1 cosh ηx + c 2 sinh ηx + c 3 cos ηx + c 4 sin ηx (27) where c i ∈ R, i = 1, 2, 3, 4 are constants being designed. By using Eqs. (8), (22) and (23), it yields (5), we have e = 0. Thus, asymptotic stability of the closed-loop system is validated by using Local Invariant Set Theorem [36] . It does point out that the above proof of Theorem 1 is obtained in the case that the states of the auxiliary design systems satisfy the conditions |ξ 1 (t)| ≥ ξ 10 and |ξ 2 (t)| ≥ ξ 20 . If |ξ 1 (t)| < ξ 10 and |ξ 2 (t)| < ξ 20 , it means that there doesn't exist input saturation, then we have u = 0 and F = 0 and the inputs are bounded [37] . The stability proof of Theorem 1 can be easily proved.
Part 3:
Observing the boundary control (9) and (10) and noting tanh (x) = e x −e −x e x +e −x ∈ [−1, 1] it follows that
B. DESIGN OF HBLF-BASED CONTROLLER WITH BOUNDARY DISTURBANCE
In this section, we develop a disturbance observer to estimate the boundary disturbance d 1 (t) and d 2 (t).
The control inputs F and u are given by
The disturbance observer is given beloẇ
where K 1 > 0 and K 2 > 0. Theorem 2: Considering dynamic model (5)- (8), under Assumptions (1)- (3), using NBLF-based controller (28), (29) and disturbance observer (30), (31) , the following properties hold:
1) If the initial boundary conditions satisfy Assumption (4), then the output θ (t) remains in the set θ := {θ ∈ R : |θ | ≤ D θ } and y(L, t) remains in the set y :=
Denote the error of observer asd 1 = d 1 −d 1 , and we get the time derivative ofd 1 iṡ
Substituting Eq. (30) into Eq. (34), we obtaiṅ
Using the same method, we obtaiṅ
We choose a Lyapunov candidate function as follows
, V 1 ,V 2 and V 3 are the same as in Eq. (13) .
From the proof of Theorem 1 and considering the Assumption (4), we obtain Then substituting Eqs. (15) and (16) into (14) yieldṡ
Applying Eqs. (28) and (29), and define F 0 and u 0 as
Applying Eqs. (28), (29), (35), (36), (39) and (40) into (38) yieldṡ
Then substituting Eqs. (18) and (19) into (41), and taking α 2 k p1 = β 1 ξ 2 10 and α 4 k p2 = β 2 ξ 2 20 we geṫ
From (42), we conclude thatV is negative semi-definite, andV ≡ 0 only ifė ≡ẏ(L, t) ≡d 1 ≡d 2 ≡ 0 and ξ 1 (t) ≡ ξ 10 , ξ 2 (t) ≡ ξ 20 .
Now we prove the properties in three parts. Part 1 and Part 2 are the same to proof of Theorem 1.
Part 3:
Observing the boundary control (28) and (29) and noting tanh (x) = e x −e −x e x +e −x ∈ [−1, 1] it follows that 
IV. NUMERICAL SIMULATIONS
We apply numerical simulations to demonstrate the effectiveness of proposed boundary control schemes in this section.
We choose parameter values of the elastic beam listed in Table 1 . The desired position of angle is θ d = 0.5(rad). We setect initial conditions as follows: y(x, 0) = 0.01x 2 , y(x, 0) = 0, and θ (0) = 0.518(rad). For comparison, the control gains are choosen in the following four cases, Case 1:
Case 2: Case 3: 
B. DESIGN OF HBLF-BASED CONTROLLER WITH BOUNDARY DISTURBANCES
We consider boundary disturbances as d 1 (t) = d 2 (t) = 0.05 sin(5t). The constrains of the input signals and states are the same as in the Part A.
In order to demonstrate the effectiveness of controller, the simulations on dynamic response are divided into two cases: Figs. 9-10 show dynamic responses with no control inputs. It is observed that vibrations of the elastic beam is very large. Figs. 11-14 display boundary controllers (28) and (29) . The position of joint angle is shown in Fig.11 . The vibration of the end point is shown in Fig.12. Fig.13 shows the deflection of the elastic beam. Fig.14 displays that the control inputs are much less than desired constraints.
Then we can conclude that: (1) the desired position tracking can be achieved and vibrations of the elastic beam can be suppressed with the proposed HBLF-based controller in the presence of disturbances; (2) the input signals are less that the constraints; 
V. CONCLUSION
This paper develop an active controller of an elastic beam with input and state constraints. Based on the hyperbolic barrier Lyapunov function (HBLF), boundary control with anti-windup is designed to track the desired position of angle and suppress vibrations simultaneously. The controller development is implemented by using a smooth hyperbolic functions, and the issue of input constraint is also handled simultaneously. It is proved that the proposed active controller can solve the problems of input and state constraints simultaneously.
